In this paper, by introducing some kind of small loop transfer spaces at a point, we study the behavior of topologized fundamental groups with the compact-open topology and the whisker topology, π qtop 1 (X, x 0 ) and π wh 1 (X, x 0 ), respectively. In particular, we give necessary or sufficient conditions for coincidence and being topological group of these two topologized fundamental groups. Finally, we give some examples to show that the reverse of some of these implications do not hold, in general.
Introduction and Motivation
Let P (X) denote the space of paths in X with the compact-open topology. The compact-open topology of P (X) is generated by the subbasis sets K, U = {α ∈ P (X) | α(K) ⊂ U}, where K ⊂ [0, 1] is compact and U ⊂ X is open. For given x 0 ∈ X, let P (X, x 0 ) = {α ∈ P (X) | α(0) = x 0 } denote the space of paths starting at x 0 and Ω(X, x 0 ) = {α ∈ P (X) | α(0) = x 0 = α(1)} denote the space of loops based at x 0 , as two well known subspaces of P (X).
We recall that the set X is the quotient space of the path space P (X, x 0 ) which is defined as follows. Consider an equivalence relation on P (X, x 0 ) as α 1 ∼ α 2 if and only if α 1 (1) = α 2 (1) and α 1 * α −1 2 is nullhomotopic. The equivalence class for a path α is denoted by α . Note that the sets (U, α ) := { β ∈ X | β ≃ α * ε, ε : (I, 0) → (U, α(1))} form a basis for a topology on X, where U is an open neighborhood of α(1) in X. This topology on X is introduced by Spanier [13] and named whisker topology by Brodskiy et al. [6] which is denoted by X wh . The pointed map p : ( X wh , c x 0 ) → (X, x 0 ) defined by p( α ) = α(1) is continuous. Moreover, if X is path connected, then p is surjective (for more details see [13, page 82] ).
For any pointed topological space (X, x 0 ) the whisker topology on X induces a topology on p −1 (x 0 ) and let (p −1 (x 0 )) wh denote the induced topology on p −1 (x 0 ). Clearly, the function f : π 1 (X, x 0 ) → p −1 (x 0 ) defined by [α] → α is a bijection which induces a topology on π 1 (X, x 0 ) via (p −1 (x 0 )) wh . The fundamental group equipped with this topology is denoted by π 1 wh (X, x 0 ) (see [6] ). On the other hand, the classical way of introducing a topology on the universal covering space X is as the quotient space of the space of based paths P (X, x 0 ) equipped with the compact-open topology. The space X equipped with this topology is denoted by X top . This topology on X induces a quotient topology on the fundamental group π 1 (X, x 0 ) which is denoted by π qtop 1 (X, x 0 ). It is natural to ask whether these topologies make the fundamental group a topological group, i.e., whether the operations of multiplication and inversion are continuous in the given topologies. It should be noted that these two topologies fail to make π 1 (X, x 0 ) a topological group for different reasons. Some research works focus on the properties of the topological space X which make π qtop 1 (X, x 0 ) a topological group (see [4, 15] ). Recently, Brodskiy et al. [6, Proposition 4.20] showed that the continuity of taking inverse in π wh 1 (X, x 0 ) would make it a topological group.
The concept of small loop transfer space (SLT for abbreviation) is introduced for the first time by Brodskiy et al. in [6, Definition 4.7] . In [6, Theorem 4.12] , they proved that the spaces X top and X wh coincide if and only if X is an SLT space. Consequently, one can conclude that the coincidence π top 1 (X, x 0 ) = π wh 1 (X, x 0 ) for an SLT space X. On the other hand, it is known that π qtop 1 (X, x 0 ) has naturally the continuity of the inversion [5, Lemma 2] . Hence π qtop 1 (X, x 0 ) is a topological group when X is an SLT space. Inspiring SLT spaces and in order to introduce some kind of small loop transfer spaces at a point, we define the concept of a small loop transfer path as follows. In this paper, we are going to investigate on the relationship between the topological group property of π wh 1 (X, x 0 ) and π qtop 1 (X, x 0 ) and SLT spaces at one point which are introduced in [12] . In Section 2, first, we address to the relationship between path Spanier groups, introduced in [14] , and SLT spaces at a point. Using this relationship, we give a new proof to show that π wh 1 (X, x 0 ) = π qtop 1 (X, x 0 ) if and only if X is SLT at x 0 (see also [12] ). Second, we introduce the notion of small loop transfer loop at one point (SLTL for short) and show that the property of being SLTL at x 0 for X is a necessary and sufficient condition for π wh 1 (X, x 0 ) to be a topological group. In the last section, we prove that if X is an SLT space at x 0 , then π s 1 (X, x 0 ) = π sg 1 (X, x 0 ). Moreover, we introduce the notion of small "small loop" transfer (SSLT for short) at one point and show that the equality π s 1 (X, x 0 ) = π sg 1 (X, x 0 ) is a necessary and sufficient condition for the space X to be SSLT at x 0 . Also, we show that if X is an SLT at x 0 , then π
is an open subgroup of π wh 1 (X, x 0 ) if and only if X is a semilocally small generated space. Finally, we gather all main results of the paper together in a cubic diagram of implications and give some examples to show that the reverse of some of them do not hold in general.
On the whisker topology and SLTL spaces
Virk and Zastrow showed that π wh 1 (X, x 0 ) is finer than π qtop 1 (X, x 0 ) but the converse does not hold in general (see [17, Proposition 7] ). In this section, we are going to study the relationship between small loop transfer spaces at one point and these two topologies. The concept of small loop transfer space at one point was introduced in [12] as follows. It is easy to see that the property of being SLT with respect to one point is weaker than the property of being SLT. For example, Harmonic Archipelago, HA, introduced by Bogley and Seiradsky [2] , is not an SLT space (consider the path α from any semilocally simply connected point to the common point of the boundary circles) but it is an SLT space at the non-semilocally simply connected point 0.
Small loop transfer spaces at a point are related to path Spanier groups. We present this relation in the following proposition. The following is the definition of a path Spanier group for a locally path connected space as presented in [14] . 
Proof. Let U be an open neighborhood of x 0 . Since X is SLT at x 0 , for every path α from x 0 to α (1) there is an open neighborhood V α of α(1) such that for every loop
Conversely, let α be a path from x 0 to α(1) and U be an open neighborhood containing x 0 . By the definition of the path Spanier group, there is a 
Note that Virk and Zastrow showed that there is a locally path connected space X for which π wh 1 (X, x 0 ) and π qtop 1 (X, x 0 ) do not coincide (see [17, Proposition 7] ). In [6, Theorem 4.12] Brodskiy et al. showed that this coincidence holds at all point x ∈ X when X is a locally path connected SLT space. Moreover, Pashaei et al. [12] showed that the property of being SLT at x 0 for the space X is a necessary and sufficient condition for the coincidence π wh 1 (X, x 0 ) = π qtop 1 (X, x 0 ). In the following theorem, using path Spanier groups, we give another proof for this statement. 
} forms a basis for the whisker topology on π 1 (X, x 0 ). Thus, it suffices to prove that There are several examples which illustrate that π qtop 1 (X, x 0 ) does not need to be a topological group even if X is a compact metric space (see [8, 9] ). Calcut and McCarthy [7] proved that the quotient topology induced by the compact-open topology of the fundamental group of a locally path connected and semilocally simply connected space is discrete which implies that π qtop 1 (X, x 0 ) is a topological group. Brazas [4] introduced a new topology on fundamental groups made them topological groups. Torabi et al. [15] showed that π qtop 1 (X, x 0 ) is a topological group when X is a locally path connected, semilocally small generated space. Note that since the operation of inversion in π Note that Corollary 2.6 does not hold for an SLT space at x 0 when X is not locally path connected (see [12] ). It seems interesting to find a necessary and sufficient condition on X to make π wh 1 (X, x 0 ) a topological group. Definition 2.7. A topological space X is called a small loop transfer space at x 0 with respect to loops (SLTL space at x 0 for short) if every loop α starting at x 0 is an SLT loop.
Note that there is an SLTL space at x 0 which is not SLT at x 0 . As an example, consider the Hawaiian Earring, HE, with any semilocally simply connected point (see [6, Proposition 4.10] ).
In the following proposition, we show that X is SLTL space at x 0 if and only if the fiber (p −1 (x 0 )) wh is a topological group. By the fact that (p −1 (x 0 )) wh agrees with π wh 1 (X, x 0 ) (see page 2) we can conclude that X is SLTL space at x 0 if and only if π Proof. Let X be an SLTL space at x 0 . It is enough to show that the operation of taking inverse ψ : (p
be an open basis subset of (p −1 (x 0 )) wh . Since (X, x 0 ) is an SLTL space at x 0 , there is a neighborhood V of x 0 = α(1) such that for a given loop γ : I → V there is a loop µ : I → U that is homotopic to α * γ −1 * α
Therefore, the operation of inversion ψ is continuous. By [12, Proposition 2.1], the continuity of operation inversion implies that the concatenation operation is continuous. Accordingly, (p −1 (x 0 )) wh is a topological group. Conversely, let α be an arbitrary loop at x 0 in X. We show that α is an SLT path. Let U be an open neighborhood of x 0 in X. Choose the open ba-
Proposition 2.8 shows that π wh 1 (X, x 0 ) is a topological group if and only if all loops at x 0 are SLT loop. In the following corollary, we show that if X has an SLT loop at x 0 and all subgroups of π 1 (X, x 0 ) are normal, then π wh 1 (X, x 0 ) is a topological group.
Corollary 2.9. Let X be a topological space such that all subgroups of π 1 (X,
. Therefore, X is SLTL at x 0 and accordingly, by Proposition 2.8, π It is easy to see that every SLT space at x 0 is SLTL at x 0 , but as mentioned before, the converse does not hold necessarily. In the following proposition, we show that the converse does hold with the presence of an SLT path starting at x 0 . Proposition 2.11. Let X be an SLTL space at x 0 and let for every x ∈ X there exists a path α x from x 0 to x such that α x is an SLT path. Then X is SLT at x 0 .
Proof. Let α x be an SLT path from x 0 to x and β be an arbitrary path from x 0 to x. We show that β is an SLT path. Since X is SLTL at x 0 , the loop β * α 
relİ. Since δ S is a loop in W based at x 0 , there is a loop λ U in U such that β * α −1 * δ S * α * β −1 ≃ λ U relİ. Therefore, we have β * γ U * β −1 ≃ λ U relİ which implies that β is an SLT path. Hence, by Definition 1.1, X is an SLT space at x 0 .
Relationship Between SLT Spaces and Some Subgroups of Fundamental Groups
In this section, we recall the notion of small loop and its relation to SLT spaces. Also, we investigate the relationship between two known subgroups of a fundamental group defined by small loops and some kind of SLT spaces at one point. It is easy to show that every small loop space is SLT space. In [16] , Virk introduced two subgroups of π 1 (X, x 0 ) based on small loops. The subgroup of π 1 (X, x 0 ) consisting of homotopy classes of all small loops is denoted by π s 1 (X, x 0 ). Also the subgroup of π 1 (X, x 0 ) generated by the set {[α * β * α
Note that these subgroups are not equal, in general. As an example, consider X = HA with any semilocally simply conneced point x 0 . If X is a semilocally simply connected or small loop space, then the equality π s 1 (X, x 0 ) = π sg 1 (X, x 0 ) holds. In the following, we show that the equality holds for SLT spaces. is a small loop. By the definition of π sg 1 (X, x 0 ) , β is a small loop. Let U be a neighborhood of x 0 = α(0). Since X is SLT at x 0 , for every open neighborhood U of x 0 = α(0) there is a neighborhood V of x 1 = α(1) such that for every loop δ : I → V there is a loop λ : I → U such that α * δ * α −1 ≃ λ relİ . On the other hand, since β is a small loop, we have β ≃ δ relİ. Therefore, α * δ * α
Torabi et al. [15] proved that the topological fundamental group of a small loop space is an indiscrete topological group. The converse of this statement holds when X is connected, locally path connected and semilocally small loop space (see [11, Theorem 4.6] ). We can show that a similar result holds when X is an SLT space. (X, x) we imply that π s 1 (X, x) = π 1 (X, x) and accordingly, X is a small loop space.
As proved in Proposition 3.2, if X is SLT at x 0 , then π s 1 (X, x 0 ) = π sg 1 (X, x 0 ). It seems interesting to find a necessary and sufficient condition for the equality π s 1 (X, x 0 ) = π sg 1 (X, x 0 ). In order to do this, we give the following notion. The following lemma comes easily from the definition.
Lemma 3.5. A topological space X is an SSLT space at x 0 if and only if
, for every path α with α(0) = x 0 and α(1) = x 1 .
Clearly every SLT space at x 0 is SSLT at x 0 but the converse does not hold, in general. As an example, X = HE is not SLT at any point (see [6, Proposition 4.10] ) but HE is SSLT at every point because X does not have any nontrivial small loop. 
To prove the other direction, we use Lemma 3.5. If π
In locally path connected spaces, the property of semilocally small generated is equivalent to the property of openness of π sg 1 (X, x 0 ) in π qtop 1 (X, x 0 ) (see [15] ). The following corollary shows that this result holds for π s 1 (X, x 0 ) when X is an SSLT space. Recall that X is semilocally small generated if for every x ∈ X there exists an open neighborhood U of x such that i * π 1 (U, x 0 ) ≤ π sg 1 (X, x 0 ) (see [15, Definition 3.5] ). The proof of the following corollary directly follows from Theorem 3.6. Clearly every SLT space at x 0 is SLTP at x 0 but the converse does not hold, in general. As an example, X = HA ∨ S 1 is not SLT at any point, but it is SLTP at the wedge point. 
Proof. It is enough to show that the property of SLT holds only for loops in X. Let α be a loop at x 0 and U be an open neighborhood of x 0 . In the definition of SLTP space at x 0 consider V = U. By assumption, i * π 1 (U, x 0 ) is a normal subgroup. Then we have: [α * β * α −1 ] ∈ i * π 1 (U, x 0 ) for every loop β in U based at x 0 . Therefore, we imply that X is SLT at x 0 .
Combining Corollary 2.6 and Theorem 3.9, we obtain the following corollary. In the following, we give some examples to show that the converse of some of results mentioned in the paper do not hold, in general.
As shown in Corollary 2.6, if X is a Peano SLT space at x 0 , then π qtop 1 (X, x 0 ) is a topological group. The following example shows that the converse does not hold in general.
Example 3.12. Consider X = HA ∨ S 1 . Since X is a semilocally small generated space, π qtop 1 (X, x 0 ) is a topological group (see [15, Theorem 5.1] ). Note that for any point x ∈ X, it is easy to see that X is not SLT at x.
As mentioned in Section 2, the equality π In the next example, we show that none of the two conditions "SLT P at x 0 " and "π qtop 1 (X, x 0 ) is a topological group" implies the other.. Example 3.14. Consider X = (HA, x), where x is an arbitrary semilocally simply connected point. It is shown in [15, Theorem 5.1] that HA is a small generated space and hence π qtop 1 (HA, x) is an indiscrete topological group but HA is not an SLT P space at x (consider any path from x to the based point x 0 ). Also, for the non-semilocally simply connected point x 0 , X = (HE, x 0 ) is an SLT P space at x 0 but π qtop 1 (HE, x 0 ) is not a topological group (see [8, Theorem 1] ).
In the following we give an example to show that none of the two conditions "π qtop 1 (X, x) is a topological group" and "π wh 1 (X, x) is a topological group" implies the other. (HE, y) is not a topological group (see [8, Theorem 1] ). In the above cubic diagram of implications (see Fig.1 ) we gather all main results of the paper together. In what follows, we give some examples to show that the reverse of some of implications in Fig.1 do not hold, in general.
According to the enumeration of the implications in the above diagram, for each arrow a reference or a counterexample is given. The label (1, ) means that the converse of this implication is in general not true. HE is an SLTL space at any semilocally simply connected point y while it is not SLT at y.
